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1.  Introduction 

In  [1],  the  following  generalization  of  Ramsey  Theory  for  graphs 
was  introduced:  Let  n  and  m  be  two  integers  such  that  n  >  m  >  1.  Let  t 
denote  the  binomial  coefficient  (  ).  Given  n  distinct  colors,  we  order 
the  t  subsets  of  m  colors  in  some  arbitrary  manner.  Let  G, ,  G2,  ...,  G. 
be  graphs.  The  m-chromatic  Ramsey  number,  denoted  r  (G,,  Gp,  ...,  G.), 
is  defined  to  be  the  least  p  such  that  if  the  edges  of  the  complete  graph 
K  are  colored  in  any  fashion  with  m  colors,  then  for  some  j  the  subgraph 

r 

whose  edges  are  colored  with  the  jth  subset  of  colors  contains  a  G..  In 

J 

this  paper  we  determine  the  generalized  Ramsey  number 

rn-i  (Ki,iy  Ki,iy  ••■•  Kl,iJ 

Without  loss  of  generality,  we  assume  that  i,  _<  i«  <_   ...  <_  i  .  Furthermore 
let  a,,  a?,  ...,  a  denote  the  n  distinct  colors,  the  n  subsets  of  n-1 
colors  are  ordered  as  {a2,  a.,,  a«,  ...,  a  },  {a,,  a^?  a«,  ...,  a  }, 

{a,  ,  a^j  a,,  ...,  a  },...,  {a,  ,  o^j  a.,  ...,  a   ,}. 

2.  Preliminary  Results 

We  state  here  some  general  results  that  are  useful  in  a  later 


section. 


Theorem  1:  Let  |  G-j|  <  J  G2|  <  . . .  <_  |  G  |+.  Then 

Vi(Gr  G2'  •••'  Viv!  ^Gr  G2'  ■■••  Vi^ 

Furthermore,  if  |G  |  _>  r  ~2  (G,,  G2,  ...,  G  ,),  then 
rn-l  (G1'  G2J  "••  Gn}  =  rn-2  (G1'  G2'  ■•••  Gn-1} 


t 


|  G  |  denotes  the  number  of  vertices  in  G. 
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n   1 

Proof:  Let  p  denote  rn~2  (G-j,  G2,  ...,  G  ,).  Suppose  we 

color  the  edges  of  K  with  n  colors  a,,  a0,  ...,  a  .  If  we  imagine  a-, 

p  I  c.  n  3     I 

and  a     as  one  color,  then  there  is  a  (a2,  a.,,  a,,  . ..,  a  -. )  -  G, ,  or 
a  (a,,  a^s  ...»  an)  -  G2,  or  a  (ot-,  9  a2>  a^,  ...,  a  )  -  G~,  . ..,  or  a 
(a-j,  a2,  a.y    .  ..,  an_2'  an^  ~  ^n-1*   ^US 

Cl  <GrG2-  •-  Gn-l>iP 
I "f  |  G  I  ^i  P »  we  can  color  K  ,  with  n-1  colors  a,,  a?, 
such  that  there  is  no  (a?}  a~,  ...,  a  , )  -  G-, ,  nor  (a,,  a-,  ...,  a  ,)  -  G?,  .. 

nor  (a-j,  a2,  . ..,  an_2^  "  ^n-T  However>  this  can  also  be  considered  as  a 
coloring  of  K  ,  with  n  colors  a,,  a«»  ...,  a  , ,  a  (it  just  happens  that 
the  color  an  was  never  used)  such  that  there  is  no  (a2,  ou,  ...,  a  ,,   )  -  G-. , 

nor  (a.j,  a^,  • ..,  an_-|>  an)  "  ^2'  "''  nor  ^al'  a2'  ***'  an-2'  an^  "  ^n-1' 
nor  (a-j,  a2>  ...,  a   -j)  -  6  .  a 


n-1 


Theorem  2:  For  even  p,  the  edges  of  K  can  be  colored  such  that 


there  are  N   edges  of  color  a-,,  N   edges  of  color  a0,  ...,  N   edges  of 

I  l  n 

color  a  at  each  vertex,  where  N   +  N   +  ...  +  N   =  p-1. 
n  a-i     a*  a 

For  odd  p,  the  edges  of  K  can  be  colored  such  that  there  are  N 

edges  of  color  a,,  N   edges  of  color  ««»  •••»  N   edges  of  color  a  at 

2  n 

each  vertex,  where  N   +  N   +  ...  +  N   =  p-1,  and  N  ,  N  ,  ...,  N   are 

al    a2        an  al   a2       an 

all  even. 


Proof:  It  is  well-known  that  for  even  p,  K  can  be  decomposed 
into  p-1  1 -factors,  and  for  odd  p,  K  can  be  decomposed  into  ^—  2-factors 
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Theorem  3:     [2] 


*i,  +  i*2  -  1       if  i-is   io  both  even 


rl    ^1,1^   Kl,iy     n'-!   +  i2  if  i-|>   i2  not  both  even 


Theorem  4:     [3] 


r2(Kl,VKl,VKl,i3> 


rl    fKl.1    •   Kl,i2)   if  ^^'l   +i2 


^  f*  • ] 


£=1 


if    13   <   ^    -    i2   +    1, 
(1r12.13)    e  S3 


if  i3  <  ^    -  i2  +  1, 

.(iri2,i3)   E  S3 


where  (i,,   i'2»   i'3)    e  S3  if  and  only  if  i,   +  i"2  +  i3 
2|i1i2i3. 


3  (mod  4) ,  and 


3.  Determination  of  r  , 


Lemma  1 :  Suppose  the  edges  of  K  are  colored  in  such  a  way 

that  at  each  vertex  there  is  N   edges  of  color  a,,  N   edges  of  color  a0. 

a,  1   a?  2 

...,  N   edges  of  color  a  .  If 

a    B  n 

n 


N   >  p  -  i 
al  ~ 


I   >  p  -  i9 
a«  —      2 


N   >  P  "  l' 
an      n 


then  there  is  no  (a,,,  a3,  . . . ,  a  )  -  K,  .  ,  nor  (a,,  a3, 


'  an}  ■  Kl,i2' 


• ,  nor  (a( ,  otp,  . . 


• »  a  i ) 
n-r 


1  ,i     p 
n 
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means 


Proof:      For  j  =  1 ,   2,    . . . ,   n 


N       >  p  -  i. 


(p-1)   -  N       <irl 
j         J 


Thus,   there  is  no  (a9,  a^,    ...,  a  )  -  K-,    .    ,   nor  (a,,  a~,    . . . ,  a  )   -  K,    . 

V 


nor  (a-,,  o^,    •••»  an-l^   "  ^1   i     ln 
Lemma 


n 

tt  i    .     Then  for  p  = 


n     i  M      \    n 

2:     Suppose  i     _<    — jl     z  i     -  it     z  i     =  n  mod  2(n-l),  and 
L       \£=1  /J    <l=1 


it  - 1  - 1.  p-  h  >0. 


Proof:     We  note  that 


P  -  in   = 


H^  - )- 


1   -  i 


1 


n-1 

1 


z  i     -   (n-1)   i'     -  1 

£  =  1    l  _ 


n-1   v'n 


d'     -  D  + 


1 


n-1 


J 


1 


n-1 

z     in   -   (n-1)   i 


a. 


-  1 


Since  2 


tt  i    ,   it  is  not  possible  that  i-,   =  i9  =   ...   =  i     =  1.     Thus, 
2,=!   l 


i     >  2.     It  follows  that 
n  — 


s^V1'  >° 


Also, 


n-1 


n-1 
z  i     -   (n-1)   i 

£  =  1    * 


>  0 


Consequently, 


P  -  i  -,  >  -  1 


Becaus 


e  p  -  i,  is  an  integer,  we  have 


p  -  1^  >  0, 
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Lemma  3:  Suppose  i 


P  = 


{ 


n-1 


n 
E  i 


i 


1 


lAM% 


i-   -  1 


Then  for 


a=l 

Proof:     We  note  that 


1„  1  o. 


p  -  1 


n^il1*  - 1 


n 


1     I""'    . 


z     i\  \-  1       i 
n-1 


n 


l    -  (n"2)in 


However,  since 


i     < 


1 


n-1 


Thus 


I  1*1    **   "  ' 


n-1 

2  1£  -  (n-2)in  >  1 
&=1 


p  -  in  >  -1 


Because  p  -  i     is  an  integer,  we  have 
p-in>0. 


Lemma  4:     r 


n-l<KT,y  Kl,i2 Kl,in>i   ^iA-1] 


+     1 


Proof:     Consider  an  arbitrary  coloring  of  K  .     Let  N     (1   <_  j  <_  n) 
be  the  number  of  a-  edges,   respectively,   incident  with  a  vertex.     In  order 
that  there  is  no  (ao»ao»    •••»  a  )   -  K,    .    ,  nor  (a-.,  a3»    ...,  a  )   -  K,    .    ,    . 


nor   (a-,,    ao: 


t     •.)   -  K,    .    ,  we  must  have 
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N   >  p  -  i, 
a-i  —      I 

N   >  p  -  i0 


(1) 


N   >  p  -  i 

an       n 

at  each  vertex.  Adding  the  n  inequalities  in  (1),  we  have 

n 
(p-1)  >_  np  -  e  i 


*=1 


I 


J 


or 


(n-l)p  <  £  i  -  1 
*=1  % 


Since  p  is  an  integer,  we  must  have 

n 


P  1 


H^\  - ' 


J 


It  follows  that 

Ci  (V  V  ■•■•  in) 


1 


n 


Ui1'* " ' 


+  1 


Theorem  5:     For  i,   <  1«  <  ...   <  i 

I  —    c  —  —    n 

n-1 


n-1      1,1 1      1,1 2 


''Vl 
n-1 


'W 


if  i     > 
n  — 


n 


»Kv*-r 


+  1 


"Hv«  - 1 


if  '„  i 


n 


l 


n-1 


-2U=iv 


(ir....in)  esn 


1 1  /n_i 

if  i      <      -^      z  1 


\  /  (~ 
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where  (i,,    . ..,   i    )   e  Sp  iff  i-j  +  i2  +  •••  +  i"     =  n  (mod  2(n-l))   and 


TT  1 

£  =  1 


Z    ' 


Proof:  The  theorem  is  proved  by  induction  on  n.  Theorem  3 
and  4  provide  the  basis  of  induction. 

We  now  carry  the  induction  step.  Let  us  examine  three 
cases: 


Case  1 :  i  > 


1 


VI 


'a=7* 


■ 


+  1.  According  to  Lemma  4,  we 


have  Ci  (Ki,y  ki,t2'  ■•••  ki,t 


n-1 


,  . . . ,  K,  .  )  -  r  9(  K-,  .  ,  K-.  .  ,  . . . ,  K,  .   ) 


n-2v'"l  ,1-, '  ,Nl,i2 


l,i 


n-1 


Case  2:  1  < 
n  — 


1 


'n-1 


-^ItV*-' 


and  (i-j,  i'2,  ...,  i'n)  E  Sn 


We  show  that  in  any  coloring  of  K  where  p 


[HM\- 


there  exists  either  a  (ou*  a^,  •••»  a  )  -  K,  .  ,  or  a  (a,,  a^,  . ..»  a  )  K,  •  ,  ... 

or  a  (a, ,  a«»  •••>  an_-|)  "  K-.  •  .  We  note  first  that  because 

n 

Si     =  n  mode  2(n-l),   p  is  an  odd  number.     Suppose  there  is  a  coloring  of 

K     such  that  there  is  no  (a9,  a,,    . . . ,  a  )   -  K,    •    ,   nor  (a,,   a,,    ...,  a  )   -  K,    .    , 
...,   nor  (a,,   a2,    ...,   an_i)   "  K-i  a    ■     At  each  vertex  of  K   ,  we  must  have 


(p-l)   -N^   <1,   -   1 
(P-U-N      <12-1 


(2) 


(P-D  "Na     <1n-l 
n 
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Adding  the  n  inequalities  in  (2),  we  obtain 

n 
n(p-l)  -  (p-1)  <   Ei  -  n 

1  l 


or 


Since 


i  /n        N      i    n  I 

TvTi     E  \  ~    v  =     rPT    E  ^£  "  ^M  in  tnis  case>  a11   the  inequalities 


in  (2)  must  be  satisfied  with  equalities 


Since  2 


■n   i  ,  at  least  one  of  i,,  i9,  ...,  i  must  be  even, 
n=l  *  n 


Suppose  i.  is  even.  In  that  case,  according  to  the  relation 

J 

(p-1)  -  M   =  U  -   1 

a.  j 

N   must  be  odd.  Now,  the  total  number  of  edges  colored  with  color  i.  is 
a .  i 

p  x  N 


which  is  not  an  integer  because  both  p  and  N   are  odd.  Consequently,  at 
one  of  the  vertex  in  K  ,  the  inequalities  in  (1)  can  not  all  be  satisfied. 

Thus,  Ci<Ki,V  Ki,y  ••••  Ki,in>  4^Ji1p"il- 

Consider  now  the  following  way  of  coloring  K  where 

r 


■1*0,'. -Or 


1.  Let 


N   =  p  -  i 
al 


N   =  p  -  i  .  +  1 


j  =  2,  3 n-1 


at  each  vertex.  According  to  Lemma  2,  N   >  0.  According  to  Lemma  3, 

a-i  — 
1  n 

N   >  0  for  i  =  2,  3,  . . . ,  n-1 .  It  can  readily  be  checked  that  E  N 


p-1 
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Since  p  is  even,  according  to  Theorem  2,  there  exists  a  coloring  of  K 

such  that  there  is  no  (cu,  cu,  . ..,  a  )   -  K,  .  ,  nor  (a,,  ou,  ...,  a  )  -  K,  . 

. ..,  nor  (a^,  a2»  ...,  an_-j)  -  K-j  j  . 

We  thus  conclude  that  r  ,  (k,  .  ,  K,  .,...,  K,  .  )  = 

n- 1   '  » '  i    ' » '  o  n 


^uv*-1 


Case  3:  i  < 
n  — 


n-1 


n-2 


ii  -  1 


£=1 


and  (i-j ,  i'2,  ...,  in)  £   Sn 


According  to  Lemma  4 

rn-l  (V  V  ••"  V 


1 


n 


i  ..V* " 


We  now  show  ways  to  color  K  where  p  =  —* 


I" 

V*=i 


+  1 


V1 


such 


that  there  is  no  (a9,   ou>    ...»   a)   -  K,    .    ,   nor  (a,,   aQ,    ...,   a  )   -  K 


hr\  y       VJlo 


1.1 


V  "3: 


1,i 


nor 


1       '   "       "     '"2 
(a,,  a9,  ...,  a  , )  -  K-,  .  .  We  consider  two  possibilities: 


(i)   E  i  =  0  mod  (n-1) .  In  this  case,  p  =  -r-A  z   i  ]  -  1 . 

*=i  £  n"'^=i  y 

If  p  is  even,  one  can  immediately  check  that  there  exists  a  coloring 


of  K  such  that 


N   =  p  -  i. 

aj      J 


N   =  p  -  i  .  +  1 
aj       J 


j  =  1,  2 
3  <  j  <  n 


at  each  vertex  by  noting  that  E  N   =  p-1  and  N   _>  0  for  j  =  1,  2,  .. 

j-l  aJ  aJ 

If  p  is  odd,  we  can  color  a  complete  subgraph  K  -,  such  that 


N  '  =  p  -  i. 

a.        J 

n;  =  P  -  i    +  i 


1  <  j  <  3 

4  <  j  <  n 


in  K  t  where  N  '  denotes  the  number  of  edges  colored  with  color  a-  at  e^jery 
p-1      a.  3  J 
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vertex  in  K     , .     For  the  remaining  vertex  in  K  ,   the  edges  incident 
p-1  p  3 


P- 
with  it  are  to  be  colored  such  that 

I      -P-Ij  J  -1.2 

<J 

N       =  p  -   i.  +  1  3  <  j   <  n 

a.  J  -       - 

n 
(ii)       z  i     =  a  mod  (n-l)l<_a<_n-2.     In  this  case, 
£=1   l 


1 
P  = 


n-l.£ 


i^'j 


If  p  is  even,  one  can  immediately  check  that  there  exists  a 

coloring  of  K     such  that 
P 

N       =  p  -  i  •  1   <  j   <  n  +  1   -  a 

aj  J  ~      - 

N       =  P  -  i,-  +  1  n+2  -  a  <  j  <  n 

aj        J  -  - 

at  each  vertex. 

If  p  is  odd,  we  separate  the  cases  a  =  1  and  2  <_  a  ±  n  -  2. 
For  the  case  a  =   1,  that  (i-,,  i*2>  •••»  O  £  S  implies  that  i-  is  odd 
for  j  =  1,  2,  ...,  n.  According  to  Theorem  2  there  is  a  coloring  of 
K  such  that  there  are  N   edges  of  color  a-  for  j  =  1 ,  2,  . . . ,  n  at  each 

J 

vertex. 

For  the  case  2  <_  a  <_  n  -  2,  we  can  color  a  subgraph  K  -,  such 

that 

N'=p-i-  l<j<n+2-a 

0j  J  -       - 

N'=p-i,+l  n+3-o<j<n 

°j  J 

in  K  ,  where  N  '  denotes  the  number  of  edges  colored  with  color  a-  at 

p-1        a.  J 
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each  vertex  in  K  -, .  For  the  remaining  vertex  in  K  ,  the  edges  incident 
p- 1  J  p' 

with  it  can  be  colored  such  that 


N   =  p  -  i. 

a.  j 


N   =  p  -  i.  +  1 

a.  J 


Thus,  we  conclude  that 

rn   ,(K,  .  ,  K,  .  . 
n-r  1,^'  l,i2 


1  <  j  <_n  +  1  -  a 
n  +  2-a<j<n 


•  "m,1 = 


Mb*  ■ ] 


+ 1 


4.  Concluding  Remarks 


In  many  cases,  determining  a  Ramsey  number  in  general  form  (instead 
of  numerical  values  for  particular  sets  of  values  of  parameters)  is  usually 
quite  difficult.  In  this  paper,  we  examine  the  case  when  the  forbidden 
graphs  are  stars,  which  probably  are  the  simplest  kind  of  forbidden  graphs. 
Our  result  and  the  result  [4] 

r^  .  ,  K     ...,  K    )  =  Z   i  -  n  +  e 

where  t  is  the  number  of  i-,,  i~>  •  ••>  i  that  are  even,  and  e.  is  equal  to 

1  if  t  is  even  and  positive,  and  is  equal  to  2  otherwise,  suggest  the 

possibility  of  determining  the  value  r"(K,  .,  K,  .,...,  K,  .  )  for 

m   '>']    I » i p         '^n 

1  <  m  <  n-1 . 
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